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Abstract. We show that for a certain family of integrable reversible 
transformations, the curves of periodic points of a general transforma- 
tion cross the level curves of its integrals. This leads to the divergence of 
the normal form for a general reversible transformation with integrals. 
We also study the integrable holomorphic reversible transformations 
coming from real analytic surfaces in C 2 with non-degenerate complex 
tangents. We show the existence of real analytic surfaces with hyper- 
bolic complex tangents, which are contained in a real hyperplane, but 
cannot be transformed into the Moser- Webster normal form through 
any holomorphic transformation. 



1. Introduction and results 

A transformation ip: M 2 — > M 2 is reversible if it is conjugate to its in- 
verse by an involution, or equivalently if tp is the composition of a pair 
of involutions. Reversible transformations appeared often in Birkhoff 's 
work on dynamical systems due mainly to the existence of periodic 
points of a general elliptic reversible transformation (see Q, The 
periodic points of reversible mappings and systems were further dis- 
cussed by R. L. Devaney [0. It has been observed that reversible 
mappings and reversible systems have many properties similar to area- 
preserving transformations or Hamiltonian systems [fL0|l , 0. For in- 
stance, using the curve intersection property, J. K. Moser M showed 
that area-preserving mappings have invariant curves surrounding ellip- 
tic fixed points. For reversible transformations, the existence of invari- 
ant curves was first announced by V. I. Arnol'd in Jl|] . A complete 
proof was given by M. B. Sevryuk in ]13[ where examples of reversible 
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transformations which do not satisfy the curve intersection property 
were also constructed. 

The purpose of this paper is to bring up a different aspect of re- 
versible transformations concerning the convergence of normal forms. 
In |4]], G. D. Birkhoff proved that an area preserving transformation 
ijj : M 2 — > M. 2 can always be transformed into its normal form through 
convergent transformations whenever ip has an integral, i. e. a non- 
constant function invariant under ip. However, we shall prove that 
an analytic reversible transformation may not be transformed into its 
normal form by any convergent transformation even if it has integrals. 

Let z = x + iy be the complex coordinate for R 2 , and denote by r the 
complex conjugation z — *■ z. To formulate our result, we fix a positive 
integer s and let 

= {a = (a i:j );i +j> 2s,a j:i = a id , \a itj \ < 1}. 

We shall also regard variable and denote by a the infinitely 

many variables a^j (i + j > 2s). Thus, h(a) will stand for a power 
series in all variables a^j. For each a e £), we put 

a(z,z) = a ij z% ~z 3 - 

i+j>2s 

We define a mapping ip a : M 2 — > M. 2 by 

z -> faTr^Tiz), (1.1) 

where <f> a {z) = ze m( - z ' z \ and T is the twist mapping 

z — ► ze (a+( ^ )s) , a/(27r)GM\Q. (1.2) 

We shall see that T is the formal normal form of (p a . Notice that ip a is 
reversible with respect to r, i. e. tp~ l = T^> a T~ x . Moreover, the function 
k(z,z) = zz is an integral for all <p a . 
We shall prove the following. 

Theorem 1.1. For each a/(2n) £ Q, there exists a sequence of func- 
tionally independent power series in a, of which each Hk converges 
for a G J2, such that for a fixed a G J2, fa cannot be transformed into 
T through any convergent transformation ofM. 2 , if there are infinitely 
many Hk(a) ^ 0. 

Theorem |1.1| is motivated by a result of C. L. Siegel about Hamil- 



tonian systems [14] as well as a result of of H. Russmann about area- 



preserving transformations ||12|| . We shall prove Theorem |1.1| by inves- 
tigating the periodic points of tp a . Our observation is that as a pertur- 
bation of the twist mapping, ip a has the Birkhoff curves surrounding 
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the origin. In fact, these curves are the curves of periodic points since 
ip a preserves all the circles centered at the origin. However, we shall 
prove that, as a rule, the curves of periodic points of (p a are not con- 
tained in any circle centered at the origin. Thus, we have the following 
result. 

Theorem 1.2. For each a/(2ir) ^ Q, there exists a sequence of func- 
tionally independent convergent power series Hk(a),a G which sat- 
isfies the following property: If a G X) is fixed and Hk(a) 7^ for some 
k, then there is a closed interval Ik of positive length such that for each 
r £ Ik, tp a has a periodic point on \z\ = r. Furthermore, Ik is contained 
in any given interval (0, e) when k is large. 

Notice that there are only countable many circles centered at the 
orign on which the restriction of T has a periodic point. Thus, Theo- 
rem 



1.1 follows Theorem 1.2 



To state our next result, we consider a real analytic surface in C 2 
with a non-degenerate complex tangent at the origin given by 

M: z 2 = Z\Z\ + 7Z 2 + + q(zi,Zi), 7 G R, (1.3) 

in which q is a convergent power series starting with terms of order 
three. When < 7 < 1/2, or 1/2 < 7 < 00 with a countable excep- 
tional values, J. K. Moser and S. M. Webster [|ll|] showed that through 



formal transformations, M can be transformed into a surface defined 
by 

x 2 = z{z x + (7 + ex s 2 )(zl + zj), y 2 = 0, (1.4) 

where either e = 0, or e = ±1 with s a positive integer. The nor- 
mal form (|1.4j) was constructed through a pair of holomorphic involu- 
tions which characterizes the real analytic surfaces in C 2 with a non- 
degenerate complex tangent. The existence of an integral for such a 
pair of involutions corresponds to the property that the surface can be 
transformed into a real hyperplane in C 2 . Examples of real analytic 
surfaces of hyperbolic complex tangents which cannot be transformed 



into any real hyperplane were constructed in [ I l| and also in [0 by 
E. Bedford. Analogous to Theorem We have the following. 

Theorem 1.3. For each non- exceptional 7 G (1/2, 00), there exists a 
real analytic surface ( |1.3| ) which can be transformed biholomorphically 
into a real hyperplane in C 2 , but not into the normal form (|1.4|). 



We mention that for a set of 7 with Lebesgue measure 0, the above 
result was proved in [||. 

The paper is organized as follows. In section 2, we discuss the normal 



form for reversible transformations. Theorem |1.2| is proved in section 
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4 following the preparation in section 3 where the existence of periodic 
points of holomorphic transformations with integrals is discussed. Sec- 
tion 6 is devoted to the study of holomorphic reversible transformations 
in C 2 which come from real surfaces with complex tangents. The proof 



of Theorem 1.3 is given in section 6. 



2. Normal form for reversible transformations 

Let tp, t be two real analytic transformations of IR 2 defined near the 
origin. Assume that <p(0) = r(0) = 0, and r 2 = id. Suppose that 
ip is reversible with respect to r. With a suitable assumption on the 
eigenvalues of dip(0), we shall see that after a change of analytic coor- 
dinates, t is precisely the complex conjugation z — > z. Then we shall 
derive a normal form for ip under the formal transformations which 
commute with r. The normal formal is essentially due to Moser and 



Webster 1 1 



For convenience, we shall complexify real analytic or formal trans- 
formations of IR 2 . Let $ be a real analytic transformation of IR 2 . Then 
$ is a power series in z and z. The complexification of <3> defined by 

is a holomorphic transformation of C 2 , which will still be denoted by 
$. Clearly, $ satisfies the reality condition 

p$ = $p, (2.1) 

in which p is the complexification of the complex conjugation, i. e. 

P--(Z,V)^(V,D- (2-2) 

The complexfication of a fomal transformation is defined in a similar 
way. From now on, we shall identify the real analytic transformations 
of IR 2 with the holomorphic transformations of C 2 satisfying the reality 
condition ( |2.1| ). 

To discuss the normal form of ip, we first assume that the eigenvalues 
of d<p(0) are not roots of unity. Let A be an eigenvalue of dip(0) with 
an eigenvector e\. We have 

<fy>(0)(dr(0)ei) = rfr(0)(^ 1 (0)ei) = A _1 dr(0)ei. (2.3) 

This implies that A -1 is also an eigenvalue of d<p(0). Since A -1 ^ A, we 
see that d<p(0) is diagonalizable with distinct eigenvalues A and A -1 . 

We now further assume that <p is elliptic, i. e. |A| = 1 and A ^ ±1. 
Put e 2 = p(ei). Then the reality condition pep = epp gives 

dp(0)e 2 = pdp(0)pe 2 = Ae 2 . 
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Hence, A = A -1 . Under new coordinates (£,77) for £e x + r]e 2 G C 2 , 
the anti-holomorphic involution p still takes the form (|2.2|) , while the 
reversible transformation is 

£' = Af+p(£,77), t 

V- * t , / tf \ ( 2 - 4 ) 
r] = Xr] + q{£,r)), 

in which p and g are convergent power series starting with the second 
order terms. Notice that A is replaced by A, if one applies a change of 
coordinates by (£,17) — > (?7, £)• Therefore, one may assume that 

ImA>0. (2.5) 



We now want to normalize r. From ( |2.3| ), we see that dr(0)ei is an 
eigenvector. Hence, dr(0)ei = A e 2 . On the other hand, r satisfies the 
reality condition. Then 

dr(0)ei = pdr(0)pex = po?r(0)e 2 = A e 2 . 
This implies that |Ao| = 1. Thus, we can write 

t(£, V ) = (\ovM) + 0(2). 
Consider a change of coordinates defined by 

£' = Ao 1/2 (t + \oV °t(Z,v))/2, 
r l ' = Xl /2 (v+MoT(tv))/2- 

From the reality condition pr = rp, one can see that under new coordi- 
nates (£', 7]'), p is still of the form fl2.2|) . Now r is the linear involution 

(M-foO- (2-6) 
Theorem 2.1. Let p and r oe jwen fey (|2.2|) and (|2.6| ) respectively. 



Suppose that <p defined by (2.4) is reversible with respect to r, and it 
satisfies the reality condition pip = (pp. If A is not a root of unity, then 
there exists a formal transformation $ such that p<E> = $p, r$ = $r 
and 

m which e = ±1 with s a positive integer, or e = wrat/i s = 00. 
Furthermore, {A, e, s} is t/ie /u// set of invariants of p under real formal 
transformations. 
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The normal form ( |2.7| ) was derived in |TT[ except a different reality 
condition is involved here. For completeness, we shall verify the reality 
condition here. A transformation 

+ 77), v~+V + v{!i,v), u,v = 0(2) (2.8) 

is said to be normalized if Ui+i t i = fi,i+i = for all i. We need the 
following. 

Lemma 2.2 (|TT|). Let Tj (J = 1,2) be a pair of involutions 

e -> Aj?7 + /■(£, 77), ?7^ At^ + 77). (2.9) 

Put p> = TiT 2 . If X%X 2 1 «s not a root of unity, then there exists a unique 
normalized formal transformation $ such that $<^$ _1 is of the form 

£ -> M(£7j)£, p^M" 1 ^)// (2.10) 

u^/i M(7) = A1A2 1 + 0(1). Furthermore, Tj is transformed into 

•r( -A ; (0/)'/. r/^Aj 1 ^ (2.11) 

with A = Xj + 0(1). 



We now turn to the proof of Theorem |2.1| . We put T\ = r and 
r 2 = Tip. Then for the pair of involutions {ti,t 2 }, it follows from 
Lemma |2.2| that there is a unique normalized transformation <3> which 
transforms <p into (|2.10| ). Since pip = (pp, we get 

(p^opM/^op)- 1 ^) = (M'\mM^)v) 



Clearly, ppp is still in the form ( |2.8|) except u, v are replaced by u and 
v, respectively. By the uniqueness of the transformation $0, we have 

p$ p = $o, M~\i<n) = M&rj). (2.12) 

.\ 1/2 

Hence, prj = Tjp. This implies that A - (t) = Aj(t). Put a(t) = A/ (7) 
and 

Then $^ {£,v) — ( a ~ 1 (£v)£-> a (£. r )) r ])- ^ * s eas y to see that 
^ 1 t 1 ^ 1 = r, $ip = p$i, QipQ^ 1 = p. 

We now write 

M(t) =e im . 

Then ( p.l2j ) gives r(£p) = r (£//). If F(t) is not constant, we can find a 
real power series r(t) such that 

r(t) = etV s (7), 
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where e, s are the sign and the order of the first non- vanishing coefficient 
of r(t), respectively. Let $ 2 (£,?7) = {£r(£7)),r)r(£r})). Then one can 
verify that 



Now $2 transforms (p into ( |2.7| ). Therefore, $ = ^^i^o preserves r 
and p, and it transforms (p into ( |2.7| ). 

To show that e and s are invariants, we assume that there is a formal 
transformation \l/ such that 

^<p*=^, (2.13) 



where ip is a transformation in the form (|2.7Q , of which e and s are 
replaced by e' and s'. We may assume that s < s'. From ( |2.5| ), we first 
notice that A is an invariant and d^(0) = (ao£,&o?7)- Notice that A is 
not a root of unity. By comparing both sides of ( |2.13| ) up to terms of 
order 2s, one gets 

v) = (Z<£v),vK&)) + 0(2s + 2). 

Now the reality condition ( |2.1| ) implies that b — a. By comparing terms 
in ( [2.13| ) of order 2s + 1, one can get s — s' and e — e'. This proves 
Theorem |2.1| . 

Let T be the twist mapping (1.2). For simplicity, we call p e R 2 a 
periodic point of T of period n, if it is the fixed point of the iterate T n . 
For each positive integer n, we put 

na = 2gn + p, -vr < f3 < vr, g G Z. (2.14) 

Let C nj - be the circle centered at the origin with radius r 3 - determined 
by 

nrf = -/3 + 2vrj, j = 1, 2, 

It is easy to see that for < /3 < 7T, the set of periodic points of T with 
period n is the disjoint union of C n j (j > 1). For — 7r < f3 < 0, the set 
of periodic points contains an extra circle 

C n ,o = {^|n(^) s = , 

which is the smallest circle of periodic points of T with period n. 

A small perturbation of twist mapping may destroy the circle C n j of 
periodic points. However, these circles are only deformed slightly into 
Birkhoff curves, i. e. curves translated radially by the n-th iterate of the 
perturbation. We notice that for a perturbation of twist mapping, the 
Birkhoff curve can be constructed near each periodic circle C n j which 
is close to the origin (see []15 |, in particular pages 176-177). However, 



we shall focus on the periodic points of a perturbed mapping near the 
circle C nfl . 
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Consider the complexification of the mapping (1.1), or more gener- 
ally, a holomorphic transformation of C 2 defined by 



-l 



(2.15) 



where a>(£?y) = a + (£,1]) S and p = 0(2s + 1) is a power series converging 
on 

A R ={(£,r));\(;\<R,\v\<R}, 0<R<1. 



Set 



R = max |p(£, 77)1. 
I£[,[»?|<R 



For a positive number e, we put 

= {(£,??) G C 2 ;0 < \v\ < eon-^ 2s \l/A < \£/ V \ < 4}. 

We have the following. 

Theorem 2.3. Let ip be given by (]2.15|) wift \\p\\r < ttiq. T/ien t/iere 
exisi positive constants e and 5, depending only on R, m and s, swc/i 
that for any positive integer n, the fixed points of ip n in the domain Q U}E 
are the union of s holomorphic curves if (3 in ( |2.14j ) satisfies —5 < (3 < 



0. Furthermore, if (p satisfies the reality condition pip = ipp, then the 
periodic points in the totally real space IR 2 : 77 = £ form a closed real 
analytic curve. 

We shall see that, as a rule, the above holomorphic curves cross the 
level curve £77 = c. This is in contrast to the theory of area-preserving 
transformations, of which the periodic points are always contained in 
the level curves of its integrals. 

3. Estimates for iterates 

Let ip be defined by (|2.15|) . Consider the k-th iterate 

<p k : V ' _ x (3.1) 

with pi(C, rj) = ?>(£, T]). By setting po(£> v) = 0, we have 

Pk+i = Pk + P f h +poip k -p k . (3.2) 

We introduce some notations. For a power series /(£, 77) with coeffi- 
cients /jj, let us denote 

i,j>0 
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We say that g is a majorant of /, symbolically / -< g, if < for 
all z,j > 0. Assume that / converges on Ar. By the Cauchy inequality, 
one gets 

Assume further that / starts with terms of order k. Then one has 



From ( |3.2| ), we have 

p k+1 ~<Pk+P°0k+Pk-p°0k, 

where 

<Ph(t,v) = i • 

1 -Pfc 

From ( |3.3j ), we can recursively define a majorant f k for by setting 
/o = and 

f k+ ^,v) = m,v) 1 11/11/1 



d = mil1 { of+fi... » f^) > 7^ • ( 3 - 5 ) 



for jfe > 0. 
Put 



2 6s + 6 m 'V2n/ '16 

Then there exists a positive constant Ci depending only on s, m and 
R such that 

ci < ndl s < 1/2. (3.6) 
We want to prove the following lemma. 

Lemma 3.1. Let (p be as in Theorem \2.$ . Then the k-th iterate of tp 
satisfies 

<p k : A do -> A 4d0 , 1 < k < n. (3.7) 



Proof. From ( ^.6| ), we have 

Mo- 



|e^ (?,7) | < e nd ° s < 2, (£,??) eA a 



Hence 

\z k \<m(i + \ Pk (z, V )\), \ Vk \ < 2\ v \\i + Pk (f, V )\-\ 
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Since pk -< fk, it suffices to show that converges in a neighborhood 
of A do , and 

IIAII*<^- (3-8) 

We apply the induction on k. For k — 0, the assertion is trivial since 
fo — 0. Assume that the assertion holds for some k < n. This implies 
that (1 — converges on A do . From (|3.5|) , one has 

d < R/16. (3.9) 

Hence, for (£,77) e A do , 

|i2-i(e + r7) e W(l-/,(e, 77 ))~ 1 |<l/2. 

Thus the right side of (|3.4j) converges on A^ , which gives the conver- 
gence of fk+i in the same domain. Now, one can get 

^ mn2 6s+5 £ s+1 



Mr + rjf^e^+^y (1 - f k )- 2s ~ 2 



R 2 ^ 1 

do 



R 2 ^ 1 i-R-i^ + ^e^'il-fk)- 1 

From ( |3.6|) , one can replace d 2 ^ by and rewrite the right side of the 
above inequality as 

m 2 6s+i d 
_R 2s+1 n ' 
which, by (|3.5|) , does not exceed j-. This proves (|3.H| ). 

Under assumptions as in Lemma |3.1| , we now give some estimates 
for pfc and fk- Notice that pk and fk start with terms of order 2s + 1. 
By ( |3.8|) , the Schwarz lemma gives 



1 / r \2s+i 

Pk(£,r))\r, \ fk(t,v) \r< ^{-^) , r<d . 



(3.10) 



We are ready to prove Theorem 2.3 



Proof of Theorem 2"^. Let (p,mo,dk and n be as in Lemma 3~ 
Set 

£ = O, r? = o -1 . 

We require that 

0<|C|<V2, 1/2<H<2. (3.11) 
Consider the equation £ n = £, or equivalently, 

e ^+< 2s ){i+^( CWjCw -i)} = 1, (3.12) 

in which f3 is determined by ( p,14| ) for a given n. 
From ( PUD and ( PT ), it follows that 

1^(^,001 < 1/4. (3.13) 
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We also have n|C| 2s < 1/2 and \f3\ < tt. Thus ( |3.12| ) is reduced to 

P + n ( 2s - % log(l + Pn ((w, (w- 1 )) = 0, 

in which the logarithm assumes principal values. We further rewrite 
the above equation as 



C 2s (i + MC, 



w , 



n 



with 



(3.14) 



(3.15) 



Using (|3.10|) , we have 



\KC,w)\< 



1 (2\C[ 



2s+l 



From (13.61), it follows that 



n\C\ 2s V d o 



\h((,w)\<—\(\, 
c 2 

in which c 2 < C\ is a constant depending only on m , R and s. 
We now take 

2s 



(3.16) 



(3.17) 



Put 



1 l G?0 



It follows from (gjgD and ( CT) that 

IMC,w)l < 1/4, ICI <r 
Now (3.14) is reduced to 

(3\^ 



(3.18) 



C(l + MC,^)) 2s =e^ 



n 



J = 1,2,... ,2s. 



(3.19) 



Furthermore, for |£| = ro, we have 

'2s" 

We now assume that < 5. Then ( |3.17| ) gives 



l + h)& -1\ = \ — (1 + t/ i )^" 1 rft| < 1/6. (3.20) 
2s jo 



C 2 __L 
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Thus, the Rouche theorem implies that for each j, ( |3.19| ) has a unique 



solution ( = Q(w) in the disk |£| < r . Clearly, the solution is holo- 
morphic for 1/2 < |iw| < 2. 

Notice that the transformation {(,w) — > (£iu, ^u; -1 ) is two-to-one. 
Also, the equation ( |3.12| ) is invariant for the transformation (C,w) — > 
(— C, — w). Hence, the 2s holomorphic curves £?( w ) (1 < j < 2s) in 
(C, w)-coordinates give us s holomorphic curves (£, 77) = (Qw, (jW~ x ) (1 < 
j < s). Since 77) = £rj is invariant under the solutions (£,77) to 
£n — £ gi ye the fixed points of <p n . 

We now assume that if satisfies the reality condition, and want to 
show that ((w) = (2s(w) is a real valued function for \w\ = 1. Since 
pip = ipp, we have ip n p = pip n . Hence 

1 + Pn(V,0 = ( 1 +Pn(^,V 
It is easy to see that for \w\ = 1, 

h(C,w) = h((,w). 
Conjugating ( |3.19| ), we get 



2s 



n 



which is precisely the equation ( pj.19 ) for j = s. From the uniqueness 



of the solution, we obtain that ((w) = ((w) for \w\ = 1. The proof of 



Theorem |2.3| is complete. 



4. Analytic dependence on coefficients 

We shall first discuss the analytic dependence of holomorphic curves of 
periodic points of <p defined by (|2.15|) on the coefficients of p. We need 
power series in infinitely many variables. The convergence of such a 
power series will always mean that it converges absolutely. 
For each positive m Q and R, we define 

D°°(m Q , R) = {p= (py); \ PiJ \ < > 2s}. 

For each p G D°°(mo, R), we put 

i+j>2s 

Then p(£, rj) converges on A# and 

II* < E |pdi^<^£(A; + l)i<m . 

i+j>2s 4 k>2s 
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Consider the transformation (p defined by ( |2.f5| ) withp(£, if) = p(£, if). 
Put the iterate ip k in the form fl3~TT|) with pfc(£, if) = pfc(£, ViP)- We also 
denote the solution ( to (|3.19|) by Q(w,p). We have seen that for 
a fixed p e D°°(mo, R), Pk(£,,ViP) converges in £ and rj, and ((w,p) 
converges as a Laurent series in w. Next, we want to show that they 
actually converge as series expansions with respect to all variables. For 
p E D°°(m , R), we put Po(£,?7,p) = an d define recursively 

Pl+i =Pl+P ol fl(^+Pl), k = 0, 1, . . . , n - 1, 

in which 

From ( |3.2| ), it follows that 

Pk(€,V,p) ~< Pk(£,V,P)- 



Put 



At,l) = E \m (2R)- i - j erf 

i+j>2s 



Clearly, for a fixed p e -D°°(mo, -R), one has 

Ptit,V,p) ^Ptti,V,P°) ^ fk(Z,v)- 

in which fk{£,,rj) are defined through the recursive formulas ( |3.4|) by 
setting p = p° and /g = 0. From ( ^8|) , it follows that p£(£ , ?7 , p°) con- 
verges on A do with ||p|l(-, - , ^?°) ||d < 1/4. Hence, pl(£,,ri,p) converges 
on A do x £)°°(mo,-R) with 

||p£(-, -,p)|U < 1/4, for p e D°°(m Q , R). (4.1) 

To show the convergence of (j(w,p), we use the Residue formula 

27T2J|C|=ro Fj(C,W,p) 

where 

^.(C, u;,p) = C (1 + /i(C, w,p))* - e iS $ " , 

and ti>,p) is given by (3.15). As series expansion in (, w and p, we 
have 

< (1 - Pn) 

As Q3.18Q , one can use ( |4.1| ) to get 

\p* n (r ,w,p)\ < 1/4, for 1/2 < \w\ < 2, |C| < r„, p G L>°°(m Q , it!). 

(4.2) 
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From (ET2q) and QOl]) , it follows that for each p G D°°(m Q ,R), the 
function 1 / Fj has the expansion 



E((i+MC,«',p)) i -i+ 



e » 



fc=0 



C v " 



|C| = r , 1/2 < \w\ < 2. 



Since (1 + x)^ -< then 



[1 + -< 



1-h 



Hence, we see that as series expansion in (,w,p, 1/Fj is majorized by 

h(c,w, P ) , i /i/?r 



1 oo 

- V 

C fc=0 Vi-A(C,w,p) c 



2s 



(4.3) 



From ( 3.21|) and ( |4.2[ ), it follows that converges for 1/2 < \w\ < 

2,p G D°°(m , R) and |C| = r . By the Residue formula, we see that 
(j(w,p) converges for 1/2 < |iy| < 2 and p G D°°(mo, R)- We have 
proved the following. 

Lemma 4.1. The solution (j(w,p) to ( [3.19 ) converges for 1/2 < < 
2 and p G D°°(m ,R). 



We now want to apply Lemma 44 to the family of reversible trans- 
formations (1.1). Let us denote 

D°° = {a = (dij) | i + j > 2s, \dij\ < 1}. 

Fixing a G D°°, we consider the holomorphic mapping 



r)' = e- ra ^r), 



(4.4) 



with a(£, rj) = J2i+j>2s UijCrf ■ Let us denote 



We can put 



«■ r f = e KZ*) 7} . 



I" 1 : 5 



(4.5) 



for some formal power series &(£, r/) without the constant term. This 
leads to the following identity 



b{^r,) = ~a(e-^H,e^ri). 



(4.6) 
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We consider &(£, 77) as a power series in £, 77 and a. Then &(£, 77) is 
majorized by 

b*(£,r],a) = ~a(e b *^ a) i,e b *^ a) Ti). (4.7) 

Put 

We have the following. 

Lemma 4.2. Lei ip a {^,,v) be given as above. Then there exists a con- 
stant Rx, < Ri < 1, independent of a G -D°°, s«c/i t/ia/j ?/> a given % 
power series which are convergent for (£,77, a) G A^ x Moreover, 
for each a G -D°°, 

A fll -> Ai /3 . (4.8) 

Proof. Put 

MX.'/) E £V- 

i+i>l 

By the implicit function theorem, there exists a positive number R\ < 
1/6 such that b*(£,r),e) converges on A Rl , and \b*(£, rj,e)\ < 1/2. 
Clearly, we have (|4.8| ). Now for each a G _D°°, we have a(£, rj) -< e(£, 77). 
Since &*(£, 77, a) has positive coefficients, this shows that &*(£, 77, a) con- 
verges on A Rl x _D°°. The proof of the lemma is complete. 
We are ready to prove the following. 

Proposition 4.3. Let (p a be given by (1.1). Then there exist positive 
constants €q and 8 which are independent of n and a such that in the 
polar coordinates (r,9), the fixed points of '(p™ in \z\ < e^nr 1 '^"' form a 
closed analytic curve r = ((w,a), \ w\ = 1, provided (3 in ( 2.14 ) satisfies 
— <5 < (3 < 0. Furthermore, ((w,a) converges for 1/2 < |w| < 2 and 

Proof. For each a let b(£,rj) be given by ( |4.6|) . We have b(z,z) = 
b(z,z). Hence 

<Pa = 4>a ° T O (j) a = (f) a O T O (f) b . 

Put 

= (^\ V e^), T*^ V ) = (^,77^). 
It is easy to see that as power series in £ = z, 77 = z and a, one has 
<Pa(Z,v) -< € T* o rj) = <p* a (£, 77). 

For a fixed a G X)> ¥ a ls majorized by </?*. Since is convergent 
in the disk A# i; then (p a (z,~Z) converges on A Rl x _D°°. Put (p a in 
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the form (|2.15 ) with rj, a) in place of rj). Then rj, a) con- 
verges in x D°°. Therefore, there exists a constant mo, say mo = 
4p(i?i, Rx, e), such that for each a 6 ^ 

p(£,7j,a) eD°°(i2i/2,mo). 

Now Theorem [O] and Lemma [O] give us the required convergence of 
a). The proof of Proposition [O] is complete. 



5. Proof of Theorem [T72 
From ( |3.2| ), one has 

n-l 

fti&M = ^p^^^e-^^j+Ofp 2 ), (5.1) 

fc=0 

in which 0(p 2 ) stands for terms of order at least 2 in variables pi.j. 
Now (3.15) gives 

i n— 1 

fc=o (5.2) 

Let Cn(w,p) be the solution to the equation (|3.19| ) with j = 2s. De- 
note by K((w,p) the constant term of ({w,p) with respect to variables 
Pij, and by L((w,p) the linear part of ((w, p). Then from ( |3.19|) , we 
get 

KCH = Co, Co = (~) 28 • (5.3) 



Now (|5.2|) gives 



• n-l 

L CK V) = ^~t s E P(G> (ow-W) (5.4) 



with 



u = e 



Mil) 



We now can complete the proof of Theorem |1.2| . For each a e 
write 

_ i ^ = ^^(1+^(^,17,0)), 

Pa = 0a ° T O (f) a ; 



r/ = jfe - *"^ (l + p(£,??,a) N 



From ( J4.5[ ) and (p£fip, we get 



a 2 ) 
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in which 0(a 2 ) terms of order at least 2 in variables ay. From a(£, rj) = 
a>(Vi 0> We have 

^(e, ^) = (e + ^o?, - o) + o(a 2 ). 

Now one gets 

p{r), f , a) = ihfe^v) ^ e ~MHv)^ + ^ £) + ( 55 ) 

Let e ,S be as in Proposition [L3|. Choose a sequenece of positive 
integers n k — > oo such that for some g k G Z, 

n fc a = 2p fc 7r + /3 fe , -5 < (3 k < 0. 

Then for each a G J2, the periodic points of ip a in |z| < £on fe form 
an analytic curve r = ( nk (w, a), \w\ = 1, given by 



Cn k 0- + Htn h ,W,a))*= (-^) 2S ^CO- 

By Proposition [Q| , £ nfc (iy, a) converges for 1/2 < |w| < 2 and a G J2- 
From (5.4) and ( |5.5| ), one sees that with respect to the variables ai t j, 
the linear part of ( nk is 

"fc— i 

LC„ fc (w,a) = J2 a(CoWM- J+1 ,CoW _ V +1 )+a(Cow"V,Cow^)- 

Let Hk(a) be the coefficients of u>" fe in the Laurent expansion of ( nk (w, a) 
with respect to w. Notice that u nk = 1. Then we have 

H k {a) = -(o k ~ 2s (a nkfi + a ,„J/(2s) + h k (a), 

in which hk(a) contains no linear terms in a 3j o and ao,j for all j. It is 
clear that H k (a) (k — 1, 2, ... ) are functionally independent. 

Fix a G X)- Assume that H k (a) ^ 0. Since H k (a) is the coefficient of 
u> nfe in the expansion of ( nk (w,a), then ( nk (w,a) is not constant with 
respect to the variable w. Let I k = {( nk (w,a); \w\ = 1}. Then I k is 
a closed interval of positive length. For each r G I k , y 9 ™* has a fixed 
point on \z\ = r. Obviously, I k is contained in any given interval (0, e) 
for large k. The proof of Theorem |1.2| is complete. 



6. Complex tangents of real surfaces 

It is natural to replace the reality condition of a reversible transfor- 
mation of C 2 by the reversibility of the transformation with respect to 
an anti-holomorphic involution. This means that one may ask for the 
classification of biholomorphic mappings which are reversible through a 
holomorphic involution as well as an anti-holomorphic involution. Such 
reversible holomorphic mappings arise from the real analytic surfaces 
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with non-degenerate complex tangents, which is the main subject to 
be discussed in this section. 

A real analytic surface M has a complex tangent at p if T P M is a 
complex line in C 2 . Introduce local coordinates such that p — 0, and 
M : z 2 = azl + bz{zi + cz\ + 0{\z\ z ). The complex tangent is said to be 
non- degenerate if b 7^ 0. Then for a further change of local holomorphic 
coordinates near 0, one may assume that M is given by ( |1.3| ). The 7 
in ( |1.3| ) is the Bishop invariant ||. The complex tangent is said to be 
elliptic, parabolic or it hyperbolic if < 7 < 1/2,7 = 1/2 or 7 > 1/2, 
respectively. 

To describe a pair of intrinsic involutions introduced in [ IT| , we con- 
sider the complexified surface in C 2 x C 2 

z 2 = z 1 w 1 + 'jzf + 'ywl + q(z 1 ,w 1 ), 

M : 

w 2 = z 1 w 1 + ^z\ + + g(u>i, Zi). 

Let ni(z, w) = w and tt 2 (z,w) = z with z = (z 1 ,z 2 ),w = (wi,w 2 ). 
Then for 7 7^ 0, iTj\M c is a branched double-covering. The covering 
transformation ^j\m c gives an involution Tj. Two involutions T\ and r 2 
are conjugate to each other by the anti-holomorphic involution (z, w) t— > 
(w, 2) restricted to M c . After a change of local holomorphic coordinates 
of M c = C 2 , we may assume that 7^ (j = 1,2) is given by (|2.9|). 

Let us restrict ourselves to the hyperbolic case. Then we have Ai = 
A = A^ 1 . The number A and the Bishop invariant 7 are related by 

7A 2 - A + 7 = 0. 

From 7 > 1/2, it follows that |A| = 1. We say that 7 is exceptional 
if A is a root of unity. Furthermore, the anti-holomorphic involution 
(z, w) 1— > (w, z) restricted to M c is given by 



P&V) = (£,*!)■ (6-1) 

Thus, the reality condition on {n, t 2 } is given by 

pT\ = r 2 p. (6.2) 

The importance of the triple {ri,r 2 ,p}, described above, is that it 
characterizes a real analytic surface as follows. A triple {n, t 2 , p}, given 
by Q2.9Q , (|6.1|) and (|6.2|) , always generates a real analytic surface ( |1.3|) . 
Moreover, two real analytic surfaces are biholomorphically equivalent, 
if and only if their corresponding pairs of involutions are equivalent 
through a biholomorphic transformation $ satisfying the reality con- 
dition 



We refer to 11 for details. 
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For a G D°°, we define an involution 

n = a oTi O0" 1 , (6.3) 
in which O is given by Q4.4|) , and 

71^, 77) = (e^^77,e-2^)£). 

Consider 

y> = nr 2 , r 2 = prip, T 2 = pT x p. (6.4) 
Then as power series in £, 77, a and a, one has 

By Lemma [4. 2| , we know that there is < i? 2 < 1 such that 77) con- 
verges for (£, 77, a, a) G A# 2 x _D°° x Put <p in the form (|2.15|) . Thus 



77) = p(£, 77, a, a) converges on A^ x D°° x D . By Lemma O 



there are positive constants e and # such that if (3 in ( |2.14| ) satisfies 
— 80 < (3 < 0, then the fixed points of (p n in the domain f2 n e are the 
union of s holomorphic curves 

7n,j : £ = 0^, 77 = CjW~\ (j = Cj(w, a, a), 1 < j < s. 

(6.5) 

Moreover, ( = Q(w,a,a) converges for 1/2 < \w\ < 2 and (a, a) G 
D°° x Zf°. 

The following result implies that in general the periodic points are 
not contained in the totally real space 



52 



We have 



Theorem 6.1. Lete,So,n andQ n>e be as above. Then there is a power 
series H(a,a) converging on D°° x D such that j n j intersects the 
totally real space M. 2 at isolated points, provided H(a,a) 7^ 0. 

For the proof of Theorem |6.1| , we need the second order power ex- 
pansion of (j(w, a, a) with respect to variables a and a. In the following 
discussion, we shall denote Lp the linear terms of a power series p in a 
and a, and Qp the second order terms of p. 

To simplify the computation, we first assume that 

rj) = a nfi C- 
Let <j) a be defined by QL4| ). Then one has 

£' = C(l + ia n ,oC - \a 2 nfl e n + O«o)), 

(6.6) 

77' = 77 1 1 - ia nfl ^ - -a; r" + U{a" j X 
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Denote the inverse of </> a (£, r/) by </>_&(£, 77). Clearly, we have b(£,r)) = 
a n ,oC + 0(a 2 nfl ). From flOD , it follows that 

Thus, one has 

e = e(i - ^n >0 r - ^^< £ 2n + o« )), 

v' = v{i + ^n >0 e n + —3— < e 2n + o«o))- ( 6 - 7 ) 

Noticing that 77) = £?? is invariant under r 1; we can put 
From fO), (EH) and (E77I), it follows that 



t 2 : 



q(t 17) =^n,o(r + e**"V) - i< (f + e i < "V) a 
+ <of(f-^ m Y) + 0(ay. 

From (|6.4j) , we get 

e' = e -H(i+5(e^)), 

Put = r i r 2 in the form ( |2.15| ) with 

p(Z, v ) = (l + g(e,r/)) _1 (l + gor 2 (^,77)) - 1. 
Clearly, one has 

Lp{£, rj) = i(e in "a nj0 + a nfi )C + ie~^(a nfi + a nj0 )r) n 



(6.8) 



Notice that 

Q(q o r 2 ) = QqoT 2 + Lq (pe^d^Lq o T 2 - ^ luJ d v Lq o T 2 ) . 

Then we get 

QP =Qq °T 2 - Lq oT 2 ■ Lq - Qq + (Lq) 2 

/ 1 . !. v (6.9) 

+ Lq(r ] e-2 luJ d ( LqoT 2 -te2 luJ d r ,LqoT 2 ) . 

We now assume that 4s \n. Let Cj(0) be the right side of (|3.19|) . Then 
from (|2.14 ), it is easy to see that 



e 
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Thus gives 



Qp(Q(0)w, Q(0)w x ) = 7io^o(0(0)iw) + gi(a„, , an,o)w 2n + e 3 (tu), 

(6.10) 

in which and also in the rest of discussion, we use qj(a n fi, a n> o) to denote 
a polynomial which is symmetric in a n and a n> o, and also use e^w) 
to denote terms of order < 2n m w, unless it is otherwise stated. 

Write (p n in the form with p n in place of p. From ( |5.1| ) and 
(6.8), we see that the linear part of p n with respect to the variables a n 
and a n is given by 

n-l 



fc=0 

n-l 



(6.11) 



+ e-^ nuJ (a nfi + a nfi )r] n J2e 



k=0 



From (|3.2| ), one gets 



n-l 



QPn =T,(QP° (™)* + Lp o (TiT 2 ) k Lp k 

k=0 

n-l 

+ £ ^ (^d^Lp o (T\T 2 ) fc - V e-^d v Lp o (T\T 2 ) 



fc=0 

From ( |3.2|) and fl6.8|) , it follows that for £ = Ci(0)w and r\ = (^(O)^ -1 , 
Lp k ^,r ] )=tk(a nfi + a nfi )(C + V n )- (6-12) 

Hence, we have 

QPn((j(0)w, Ci(0)w _1 ) = ™ 2 a„ i0 (Cj(0)w) + g2(an,o,«n,o)w 2n + e 4 (w) . 
From ( |6.11| ), it also follows that 

d c Lp n (Q(0)w,Q(0)w^) = - 2sn 2 Cf +n -\0)a nfi w n 

+ c 3 (a n ,o + a nfi )w n + e 5 (w), (513) 

in which C3 is a constant and e^{w) contains terms of order < n in w. 
By (3.15), one gets 

(l + h(C W))* = 1 + -J— J,^, C«^) + C4P„(C^, C*0 + 0( P 3 " 



2sni( 

in which C4 is a constant. Then for the solution ( = (j(w, a, a), one has 
Q(l + MC, w))* = 2snC L (Q)i (QPn(£, 77) + %>n(£, /?) ■ LC(e, »7) 

+ C5LC • £pn(£, ^) + C 4 Lp 2 n (£, 7]) 
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with £ = Cj(0)w and 77 = (j(O)w^ 1 . Notice that 

LC = -0(0) = -0(0) ^g^g (0)- +e 6 H, 

where e§(w) contains terms of order < n in w. Thus, (|6.13| ) gives 

d c L Pn ■ L( = n 2 a 2 nfi ( 2n {0)w 2n + q 3 {a nfi ,a nfi )w 2n + e 7 (w). 

Now it is easy to see that the solution Q{w,a,a) to ( |3.19|) can be 
written as 



in( 2n ~ 2s+1 (0) 
QCj = — 1 ( a l,o + h nJ (a,a))w 2n + e 8 (w), 



(6.14) 



in which h n j(a,a) is power series converging for (a, a) e D°° x D°°. 
Furthermore, h n j(a,a) starts with the quadratic terms which is sym- 
metric in a ni0 and a nj0 , if a(^rj) = a ni0 £ n . 

To complete the proof of Theorem |6.1|, we put 



Q(w,a,a) = (j,k( a i a ) wk - 

k=— 00 

Assume that 7 nj - fl M. 2 has an accumulation point in Q. Then the 
intersection is a real analytic curve. Notice that (£, rj) 6 M. 2 impies 
that C and w are both real or pure imaginary. Hence we get 

(a) (j k (a,a) = Q^a^a), for w = w, or 

( b ) Cj,k(^ a ) = -(- 1 ) fc 0,fc(a,a), for w = -w. 

In particular, we see that Cj,2n( a ^ o)/£j,o(Oj o) is rea l- Since 2n ~ 2,5 (0) is 
real for s|n, then ( |6.14j ) gives 

in which ft, n j is the real part of h n j(a,a). Put 

2s- 1 

H n (a,a) = Yl (al j0 + a 2 nfi + 2h n 



3=0 



Since h n j(a,a) is symmetric in a n> o and a n) o for a(£, 77) = a nj o£ n , then 
one has H n (a,a) 7^ 0. Therefore, Theorem |TT] is proved. 
Analogous to Theorem O , we have 

Corollary 6.2. There is a sequence of power series Hk(a,a) such that 
the transformation tp a , defined by (|6.3|) and ( |6.4|) , cannot be transformed 
into the normal form (|2.7|) through any convergent transformation with 
the reality condition, provided Hk(a,a) 7^ /or infinitely many k. 
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For the proof, we keep the notations in Theorem |6.1| . Choose a 
sequence of positive integers nu ik = 1,2,...) such that for each n = 
rik, the number j3 in (|2.14j) satisfies —5 < (3 < 0. We now let Hk(a,a) 



be the power series H nk (a, a) constructed at the end of the proof of 
Theorem O . From the normal form ( |2.7| ) , one can see that given any 



small deleted neighborhood of the origin in R 2 , (p has a continuum 
of periodic points with period n& for k large. Therefore, ip cannot be 
transformed into the normal form ( |2.7| ). Finally, without giving details, 
we mention that the sequence of power series {Hk(a,a)} constructed 
above is indeed functionally independent. 

Theorem |1.3| is a consequence of Corollary |6.2| and the intrinsic prop- 
erty of pairs of involutions described early in this section. 
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